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Abstract. We study the relativistic dynamics of a pressure-less and irrotational fluid of
dark matter (CDM) with a cosmological constant (Λ), up to second order in cosmological
perturbation theory. In our analysis we also account for vector and tensor perturbations and
include primordial non-Gaussianity. We consider three gauges: the synchronous-comoving
gauge, the Poisson gauge and the total matter gauge, where the first is the unique relativistic
Lagrangian frame of reference, and the latters are convenient gauge choices for Eulerian
frames. Our starting point is the metric and fluid variables in the Poisson gauge up to second
order. We then perform the gauge transformations to the synchronous-comoving gauge and
subsequently to the total matter gauge. Our expressions for the metrics, densities, velocities,
and the gauge generators are novel and coincide with known results in the limit of a vanishing
cosmological constant.
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1 Introduction
To put it in simple words, cosmological structure formation is nothing but fluid dynamics.
There are two frameworks to study fluid dynamics, namely the Lagrangian and the Eulerian
frame. The Eulerian frame of reference is associated with an observer’s coordinate system,
where the observer is studying how the distant streams of matter are clustering. The La-
grangian frame of reference, by contrast, is the physical frame attached to the clustering
matter elements, i.e., each observer is literally following an individual matter element. In the
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simple Newtonian world, there is only one Eulerian frame, because the infinite Eulerian co-
ordinate systems are physically equivalent, thanks to the Galilean invariance of the Eulerian
fluid equations. In this Newtonian set up, the Eulerian and Lagrangian frame are uniquely
defined by the spatial coordinate transformation embedded in an Euclidean geometry
x¯i = q¯i + Ψ¯i , (1.1)
where the bar denotes Euclidean coordinates, x¯i(τ¯ , q¯) is the Eulerian coordinate, q¯i denotes
the Lagrangian coordinate (i.e., initial position) of a given fluid element, and Ψ¯i(τ¯ , q¯) is the
Lagrangian displacement field.
In General Relativity (GR), however, this situation is more involved, mainly because of
the covariant formulation of the relativistic equations of motion. To be more specific, the
fully relativistic Lagrangian frame can be uniquely identified with the synchronous-comoving
gauge, because the resulting space-time coordinates are indeed the ones attached to the
matter [1].1 But there are infinite possibilities for selecting an Eulerian frame in GR. Even
defining an Eulerian frame in GR is not so straightforward. Naturally, perhaps because our
thinking is Newtonian, one could define a generic Eulerian frame in GR with the following
correspondence to the Newtonian theory:
In General Relativity, an Eulerian frame can be identified with a certain gauge if
the resulting equations of motion take the classical Newtonian form.
As a direct consequence of this definition, it follows that the gauge generator ξµ of the gauge
transformation
xµ = qµ + ξµ (1.2)
is the 4D relativistic counterpart of the 3D Newtonian displacement field (cf. with eq. (1.1)).
Here, xµ(η, xi) are the Eulerian coordinates of a given Eulerian gauge, and qµ = (τ, qi) are
the coordinates of the synchronous-comoving gauge. With the above quote, we fix the spatial
coordinates of a generic Eulerian frame. To get a specific Eulerian frame in GR, one then
needs to fix the time coordinate, which is in principle arbitrary. One particular convenient
choice of the time coordinate is certainly to use the proper time of the particles (which is
precisely the case in the total matter gauge, see section 4).
All gauges in GR are physically equivalent, but the physical measurement of the density
and the velocity of the matter streams depends on the particular Eulerian coordinate system
chosen by a given observer. For example, convenient Eulerian gauges are the Poisson gauge
and the total matter gauge, the very Eulerian gauges we shall investigate. The Poisson gauge is
particularly common for studying the gravitational lensing [4], whereas the total matter gauge
is important for the Eulerian biasing, and when relating GR calculations to investigations in
a flat space-time, such as Newtonian N -body simulations [5–7]. The synchronous-comoving
gauge, apart from being the unique Lagrangian frame of relativistic fluid flow, is the gauge
for studying the Lagrangian biasing, especially when considering the effect of the primordial
non-Gaussianity [8–13].
In this paper we consider the cosmological fluid in the above mentioned gauges in the
framework of cosmological perturbation theory. (For different solution techniques, see e.g.,
refs. [14–21].) In detail, we study the relativistic dynamics of a pressure-less and irrotational
1 The locally inertial (or Minkowskian) Lagrangian frame, by contrast, is represented by the locally free-
falling coordinate system along the worldline of the observer comoving with the particle, i.e., the Fermi frame,
see e.g. [2, 3].
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fluid of dark matter (CDM) with a cosmological constant (Λ), up to second order in cosmo-
logical perturbation theory. We begin with reporting the results of refs. [11, 22] in the Poisson
gauge, simplify their expressions and provide explicit solutions for all time coefficients, and
then we obtain the results in the synchronous-comoving gauge and in the total matter gauge
by means of gauge transformations. We generalise to a ΛCDM Universe with primordial
non-Gaussianity the results for the synchronous-comoving and the Poisson gauge of ref. [23],
which were restricted to an Einstein–de Sitter (EdS) model, and extend the analysis to the
total matter gauge. In this paper, almost all of the results are new, only few results were ob-
tained before in the literature. For example, the matter density in the synchronous-comoving
gauge was obtained in refs. [6, 11, 24–26], whereas the matter density in the total matter
gauge was obtained in refs. [6, 24–26]. In the literature, there are no known ΛCDM results
for the second-order metric in the synchronous-comoving and for the total matter gauge, ex-
cept for ref. [6] for scalar and vector modes, however obtained with the gradient expansion
technique. Here we find the full metric results, the densities and the velocities for these three
gauges. In our analysis, we pay particularly attention to distinguish between Newtonian-like
and GR-like contributions. Note that the fluid approximation and thus our approach is only
valid on sufficient large scales, i.e., before matter streams start to intersect (“shell-crossing”).
Furthermore, our analysis is restricted to the fastest growing mode solutions, i.e., we discard
decaying modes.
This paper is organised as follows. In the following section we introduce our conventions
of the metric, density and velocity perturbations. In section 3 we give the general formulas
for gauge transformations up to second order. Then in 4 we give the definitions of the used
gauges. The derivation of our results in the Poisson gauge are given in section 5. This analysis
serves as our basis to perform the gauge transformation to the synchronous-comoving gauge
(section 6). In section 7 we then transform the Lagrangian results to the total matter gauge.
The former two sections are intentionally kept quite pedagogical. For the readers interested
only in the results we refer to the compact section 8. Finally, we conclude in 9.
Notation: we use µ, ν... for space-time indices and i, j, ... for spatial indices. Summation
over repeated indices is assumed. If not otherwise stated, spatial indices are raised and lowered
with the Kronecker delta. A comma denotes spatial partial derivative and a dot denotes partial
derivative with respect to the conformal time. A bar denotes from here on FLRW background
quantities. We set c = 1. Quantities in the synchronous-comoving gauge, in the Poisson
gauge, and in the total matter gauge are respectively denoted with the subscripts S, P, and T.
Consistently, quantities which arise because of a gauge transformation are abbreviated with
the respective double subscripts, e.g., the gauge generator for the transformation synchronous-
comoving to the total matter gauge is denoted with ξµST. For an overview of our used notation
see tab. 1 on page 33.
2 The FLRW metric perturbed up to second order
The components of a spatially flat FLRW metric perturbed up to second order are written as
g00 = −a2 (1 + 2ψ1 + ψ2) (2.1a)
g0i = a
2
(
B1 i +
1
2
B2 i
)
(2.1b)
gij = a
2 [δij + 2C1 ij + C2 ij ] , (2.1c)
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where the background part (which is by definition only time-dependent) is given by
g00 = −a2(η) , gij = a2(η) δij . (2.2)
Here, η is the conformal time (adη = dt, where t is the cosmic time), and a(η) is the FLRW
scale factor, which obeys the Friedmann equation (see section 5.1). It is convenient to split
the perturbations into the so-called scalar, vector and tensor parts,
B(r) i = ∂iB(r) + ω(r) i (2.3)
C(r) ij = −φ(r)δij +DijE(r) +
1
2
∂iF(r) j +
1
2
∂jF(r) i +
1
2
χ(r) ij , (2.4)
where (r) = 1, 2, stand for the rth order of the perturbation, we make use of the operator
Dij ≡ ∂i∂j − (1/3)∇2δij , and ω(r) i and F(r) i are transverse vectors, i.e. ∂iω(r) i = ∂iF(r) i = 0
and χ(r) ij is a transverse and trace-free tensor, i.e., ∂iχ(r) ij = 0, χi(r) i = 0. Historically,
the reason why such a splitting was introduced [27, 43] is that at first order these different
perturbation modes are decoupled from each other in the perturbed evolution equations, so
that they can be studied separately. This property does not hold anymore beyond the linear
regime, where higher-order perturbations are sourced by products of lower-order perturba-
tions. Of course, despite the fact that different perturbation modes generally do not decouple
at higher orders, the above splitting is still physically meaningful.
So far our considerations are fairly general. In the case of the ΛCDM Universe, the
metric in (2.1) can be simplified, as we can consistently neglect first-order vector and tensor
perturbations: linear vector perturbations are not produced by standard inflationary scenarios
and in any case decay with the expansion of the Universe [23], and tensor perturbations are
believed to give a negligible contribution to the matter dynamics. However, we should keep
in mind that the same reasoning does not apply to second-order perturbations: in the non-
linear case, scalar, vector and tensor modes are coupled and the second-order vector and
tensor contributions are generated by first-order scalar perturbations even in the absence of
linear vector and tensor perturbations, [23]. With these simplifications, the spatially flat
FLRW metric perturbed up to second order is
g00 = −a2 (1 + 2ψ1 + ψ2) (2.5a)
g0i = a
2
(
∂iB1 +
1
2
∂iB2 +
1
2
ω2 i
)
(2.5b)
gij = a
2
[
(1− 2φ1 − φ2) δij +Dij (2E1 + E2) + 1
2
∂iF2 j +
1
2
∂jF2 i +
1
2
χ2 ij
]
. (2.5c)
The four-velocity of matter is uµ = dxµ/dτ , where τ is the proper (comoving) time, comoving
with the fluid. For latter convenience we set
uµ =
1
a
(δµ0 + v
µ) , (2.6)
where vµ = vµ1 + v
µ
2 /2 + . . . is the peculiar velocity (peculiar in the spatial and temporal
sense). From the normalisation condition uµuνgµν = −1 we obtain the constraint for the
time component of vµ, which reads up to second order (in any gauge)
v0 = −ψ1 − 1
2
ψ2 +
3
2
ψ21 +
1
2
v1kv
k
1 + v1kB
,k
1 . (2.7)
– 4 –
The perturbations of the spatial components vi split as usual in scalar and vector parts
vi(r) = δ
ijv(r) ,j + w
i
(r) , (2.8)
where ∂iwi(r) = 0. Finally, the perturbation in the matter density is written as ρ = ρ+ ρ1 +
ρ2/2 + . . ., where the background density ρ is time-dependent only. In this paper we work
with the density contrast which is defined by
δ(η,x) ≡ ρ(η,x)− ρ¯(η)
ρ¯(η)
, (2.9)
and is expanded as
δ = δ1 +
δ2
2
(2.10)
up to second order.
3 Gauge transformations in perturbation theory
The theory of the gauge transformations in any given background space-time and beyond the
linear order was applied to cosmology in refs. [32, 33], following the approach of refs. [39, 40].
See [44] for a recent review.
We will adopt in the following the so-called passive approach, where a gauge transfor-
mation is seen as a coordinate transformation xµ → x˜µ. Up to second order it reads
x˜µ(xα) = xµ − ξµ1 (xα) +
1
2
[
ξµ1,ν(x
α) ξν1 (x
α)− ξµ2 (xα)
]
, (3.1)
with its inverse
xα(x˜µ) = x˜α + ξα1 (x˜
µ) +
1
2
[
ξα1,β(x˜
µ) ξβ1 (x˜
µ) + ξα2 (x˜
µ)
]
, (3.2)
where all the quantities are evaluated at the same point on the background space-time where
the coordinates xµ and x˜µ coincide. As usual, the four vectors ξµ(r) can be decomposed into
scalar and vector parts
ξ0(r) = α(r) , ξ
i
(r) = ∂
iβ(r) + d
i
(r) , with ∂id
i
(r) = 0 . (3.3)
In order to find the components of a tensor in the new coordinates we simply start from the
standard transformation rule for the metric tensor
g˜µν(x˜
α) =
∂xσ
∂x˜µ
∂xλ
∂x˜ν
gσλ(x
α(x˜ρ)) , (3.4)
and expand the Jacobian matrix, ∂x
σ
∂x˜µ , and the argument of the metric components on the r.h.s.
up to second order. The result of this infinitesimal coordinate transformation is naturally
expressed by means of the Lie derivative,2 Lξ. We have up to second order
g˜µν = gµν + Lξ1gµν +
1
2
(L2ξ1gµν + Lξ2gµν) . (3.5)
2The explicit expressions for the Lie derivative can be found in appendix B.
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In general, by expanding the standard transformation rules under the coordinate transforma-
tion (3.1) for any unexpanded quantity T — a scalar, a vector, or a tensor —, we find that
its change up to second order is given by
T˜ = T+ Lξ1T+
1
2
(L2ξ1T+ Lξ2T) . (3.6)
In order to find how the perturbations of a given tensor field transform, we consider now the
expansion up to second-order of a generic tensor field T in two different gauges,
T = T+T1 +
1
2
T2 , and T˜ = T+ T˜1 +
1
2
T˜2 . (3.7)
The transformation rule for the perturbations is easily obtained by plugging (3.7) in (3.6)
and collecting the terms of the same order. It reads
T+ T˜1 +
1
2
T˜2 = T+T1 + Lξ1T+
1
2
(
T2 + 2Lξ1T1 + L2ξ1T+ Lξ2T
)
. (3.8)
This relation tells us how to obtain the perturbations in one gauge from the corresponding
perturbations in the other gauge, that is
T˜1 = T1 + Lξ1T (3.9)
at first order, and
T˜2 = T2 + 2Lξ1T1 + L2ξ1T+ Lξ2T (3.10)
at second order. The r.h.s’s of these equations are automatically written in the new gauge.
In the following two subsections, we give the transformation rules for the quantities we
are interested in, namely the metric tensor, the density contrast and the four-velocity. They
are straightforwardly obtained from eqs. (3.9) and (3.10) and by the use of the expressions in
appendix B.
3.1 First-order transformations
Metric tensor We find the following first-order transformations for the metric tensor:
• scalar perturbations
ψ˜1 = ψ1 +Hα1 + α˙1 (3.11)
φ˜1 = φ1 −Hα1 − 1
3
∇2β1 (3.12)
B˜1 = B1 − α1 + β˙1 (3.13)
E˜1 = E1 + β1 , (3.14)
• vector perturbations
ω˜1i = ω1i + d˙1i (3.15)
F˜1i = F1i + d1i , (3.16)
• tensor perturbations
χ˜1ij = χ1ij , (3.17)
where the dot denotes partial derivative with respect to conformal time and H = a˙/a = aH
is the conformal Hubble parameter. Note that, since we neglect first-order vector and tensor
perturbations, the first-order vector part of the spatial transformation di1 is constant and can
be set to zero.
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Three-velocity The transformation of the temporal part of the peculiar velocity is obtained
from eq. (2.7) and reads
v˜01 = v
0
1 −Hα1 − α˙1 . (3.18)
For the scalar and vector part of the spatial peculiar velocity we find
v˜1 = v1 − β˙1 (3.19)
and
w˜i1 = w
i
1 − d˙i1 . (3.20)
Matter density Finally, the perturbation of the density contrast transforms as
δ˜1 = δ1 − 3Hα1 . (3.21)
3.2 Second-order transformations
In order to write in compact form the second-order gauge transformations we collect the
contributions from products of first-order transformations defining Π,Σi,Ωi and Υij . Their
explicit expressions are given in Appendix C.
Metric tensor The second-order transformations for the metric are:
• scalar perturbations
ψ˜2 = ψ2 +Hα2 + α˙2 + Π (3.22)
φ˜2 = φ2 −Hα2 − 1
6
Υkk −
1
3
∇2β2 (3.23)
B˜2 = B2 − α2 + β˙2 +∇−2Σ ,kk (3.24)
E˜2 = E2 + β2 +
3
4
∇−2∇−2Υ ,ijij −
1
4
∇−2Υkk , (3.25)
• vector perturbations
ω˜2i = ω2i + d˙2i + Σi −∇−2Σ ,kk,i (3.26)
F˜2i = F2i + d2i +∇−2Υ ,kik −∇−2∇−2Υ ,klkl,i , (3.27)
• tensor perturbations
χ˜2ij = χ2ij + Υij +
1
2
(
∇−2Υ ,klkl −Υkk
)
δij +
1
2
∇−2∇−2Υ ,klkl,ij +
+
1
2
∇−2Υkk,ij −∇−2
(
Υ ,kik,j + Υ
,k
jk,i
)
, (3.28)
where ∇−2 stands for the inverse of the Laplacian operator with Euclidean metric.
Four-velocity From the normalisation condition (2.7) in the new gauge we find the trans-
formation of the temporal part of the peculiar velocity which reads
v˜02 = v
0
2 −Hα2 − α˙2 + α1
[
2
(
v˙01 −Hv01
)
+ α1
(
H2 − H˙
)
+Hα˙1 − α¨1
]
+ξi1
(
2v01,i −Hα1,i − α˙1,i
)
+ α˙1
(
α˙1 − 2v01
)− 2α1,ivi1 + α1,iξ˙i1 . (3.29)
The scalar and vector part of the spatial peculiar velocity are given by
v˜2 = v2 − β˙2 +∇−2Ωk,k (3.30)
and
w˜i2 = w
i
2 − d˙i2 + Ωi −∇−2Ωk,i,k . (3.31)
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Matter density Finally, the second-order perturbation of the density contrast transforms
as
δ˜2 = δ2 − 3Hα2 + α1
[(
6H2 + 9
2
H20Ωm0
a
)
α1 − 3Hα˙1 + 2δ˙1 − 6Hδ1
]
+ (2δ1 − 3Hα1),k ξk1 .
(3.32)
4 Lagrangian gauge and Eulerian gauges
The Lagrangian frame for irrotational and pressure-less matter, in the language of gauges, can
be associated with the synchronous and comoving gauge (see, e.g., [1, 6, 7]). The synchronous
gauge is defined by [42]
BS = ω
i
S = 0 , (spatial gauge condition) (4.1)
ψS = 0 . (temporal gauge condition) (4.2)
In such a coordinate system, the fluid particle is at rest which amounts to use the comoving
gauge conditions vC = wiC = 0.
3 We note that the simultaneous conditions “synchronous”
and “comoving” hold only for an irrotational and pressure-less fluid, and when neglecting any
residual gauge modes [28, 44, 46].
From the quote in the introduction one can deduce a general recipe to find any Eulerian
gauge. A major subset of Eulerian gauges are defined with the spatial gauge condition [6]
E = F i = 0 . (4.3)
One reason for chosing this spatial gauge condition is the following. In the Lagrangian frame,
the dynamical information of the displacement field is encoded in ES and F iS. Therefore,
when performing a spatial gauge transformation to an Eulerian frame with vanishing E and
F i (see eq. 4.3), the spatial gauge generator must carry this dynamical information. In that
very case, the spatial gauge generator is the displacement field.
Having specified only the spatial gauge condition is of course not sufficient for the study
of general relativistic perturbations. A temporal gauge condition has to be imposed, which
is, in principle arbitrary: Any temporal gauge condition supplemented with the spatial gauge
condition (4.3) fixes a unique Eulerian gauge. Then, the resulting Eulerian equations of
motion take, at least to first order, the Newtonian form in Eulerian coordinates [19].
In this paper we shall derive Eulerian solutions for two gauge choices, namely for the
Poisson gauge and the total matter gauge. The Poisson gauge is defined by
EP = F
i
P = 0 , (spatial gauge condition) (4.4)
BP = 0 . (temporal gauge condition) (4.5)
It was originally introduced in ref. [28] as representing a generalisation of the so-called New-
tonian (or longitudinal gauge) in order to account for vector and tensor modes, which are for
example generated by the coupling of scalar modes beyond the linear regime. Note that the
temporal condition corresponds to the minimal shear hypersurface condition in ref. [43] (see
also [28]).
3In this paper, we do not explicitly use the comoving gauge condition but rather use it as a consistency
check for the derivations in section 6. Nevertheless, also since this is common in the literature, we shall call
the gauge corresponding to the conditions (4.1)–(4.2) the “synchronous-comoving gauge”.
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The total matter gauge is another Eulerian gauge which is Eulerian in terms of the spatial
coordinates, i.e., the spatial gauge conditions are given by ET = F iT = 0. The temporal gauge
condition is defined by requiring the vanishing of the total momentum potential on spatial
hypersurfaces (see, e.g., [44, 45]), i.e., the vanishing of the scalar part of the 0i component
of the stress-energy tensor Tµν . At first order, the perturbation of the total momentum is
T 01i =
(
ρ¯+ P¯
)
(v1i +B1i), where P¯ is the background pressure, and the resulting temporal
gauge condition reads
v1T +B1T = 0 . (4.6)
At second order, the total momentum is [44]
T 02i =
(
ρ¯+ P¯
) [
v2i +B2i + 4C1ikv
k
1 − 2ψ1 (v1i + 2B1i)
]
+ 2 (ρ1 + P1) (v1i +B1i) +
2
a2
(
Bk1 + v
k
1
)
Π1ik , (4.7)
where Πij is the anisotropic stress tensor. Assuming vanishing first-order vector modes and
the spatial gauge condition of the total matter gauge, the requirement of the vanishing of the
scalar part gives at second order
v2T +B2T − 2∇−2∂l (ψ1TB1T,l + 2φ1Tv1T,l) = 0 . (4.8)
This temporal gauge condition is valid for a (multi-component) fluid with pressure and non-
vanishing anisotropic stress. Furthermore, we note that there exists an alternative definition
for the temporal gauge condition of the total matter gauge [24, 25, 46], that is employing
the vanishing of the scalar part of the spatial component of the covariant 4-velocity, ui =
gi0u
0 + giju
j . Demanding ui = 0 for its scalar part leads to the same condition (4.6) at first
order, and to condition (4.8) at second order,4 and thus this temporal gauge condition is
formally equivalent with demanding the vanishing of the scalar part of T 0i. In summary, we
define the total matter gauge with
ET = F
i
T = 0 , (spatial gauge condition) (4.9)
Si T 0iT = 0 , (temporal gauge condition) (4.10)
where we have defined the scalar mode extraction operator Si := ∇−2∂i and, again, condi-
tion (4.10) amounts to use (4.6) at first order and (4.8) at second order.5 As we shall see in
section 7 when we calculate the perturbations in the total matter gauge for an irrotational
dust fluid, the time coordinate in the total matter gauge is the proper time of the fluid parti-
cle, as it is the case in the Lagrangian gauge. In the language of gauge transformations, this
also means that the temporal gauge generator from synchronous-comoving gauge to the total
matter gauge is precisely zero. This choice of Eulerian frame is thus very convenient when
relating GR results to Newtonian investigations, since the relativistic Eulerian-Lagrangian
correspondence makes use of the identical time coordinate, i.e., the proper time. So to say,
the problem of relating a GR description to a Newtonian world is reduced from a 4D problem
to a 3D problem. Such considerations are for example useful when generating GR initial
conditions for Newtonian N -body simulations (see [47]).
4We thank John Wainwright and Claes Uggla for pointing this out.
5In an earlier version of this manuscript, we have used the temporal gauge condition v0 = 0 instead
of (4.10). We stress that for an irrotational and pressure-less fluid the results in the total matter gauge are
unaffected by choosing that condition or the other, yet it is highly non-trivial to prove the equivalence of these
conditions on general grounds. We leave this open issue for future work.
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5 Evolution of perturbations in the Poisson gauge
The Poisson gauge can be perturbatively defined by B(r)P = 0 for the temporal condition and
by E(r)P = Fi(r)P = 0 for the spatial condition. For second-order perturbations in the Poisson
gauge in the Einstein–de Sitter (EdS) background see e.g. [23] and [29], and for a non-vanishing
cosmological constant see e.g. [22, 30]. Here we start by reporting and simplifying the results
of ref. [22] for the metric and the four-velocity, and of ref. [11] for the density contrast. The
new expressions obtained here will be the starting point for the gauge transformation in the
following sections. Let us just recall the procedure to solve the Einstein equations for the
perturbations, which is the same at first and second order, see Appendix A of [22]. The trace
part of the ij components of Einstein equations gives the evolution of the scalar perturbation
φ(r)P, and the trace-free part gives the relation with the other scalar ψ(r)P. The vector mode
ω2iP is found from the 0i components of Einstein equations and the tensor modes pi2ijP obey
an evolution equation obtained from the trace-less ij components, once the scalar and vector
perturbations are determined. Finally, the 00 component of the Einstein equations and the 0i
components, together with the momentum conservation, provide the density and four-velocity
perturbations, respectively.
Following [22], we write the initial conditions in terms of the curvature perturbation of
the uniform density hypersurfaces, ζ. This is gauge invariant quantity and remains constant
on super-horizon scales after it has been generated at the primordial epoch [26], and therefore
provides the initial conditions for cosmological perturbations re-entering the Hubble radius
at later time, including all the necessary information about primordial non-Gaussianity. We
expand ζ as ζ = ζ(1)+(1/2) ζ(2) = ζ(1)+(anl−1)(ζ(1))2+· · · , where the parameter anl encodes
the local primordial non-Gaussianity for different inflationary scenarios. Initial conditions are
fixed deep in the matter-dominated era when the relation between the curvature perturbation
with the gravitational potential is given by ζ1 = −5ϕ1in/3.6 Our initial conditions up to
second order are then written as
ζin = ζ1in +
1
2
ζ2in = −5
3
ϕ1in +
25
9
(anl − 1)ϕ21in , (5.1)
where ζ1in and ϕ1in are first-order Gaussian random fields. The same initial conditions are
written in terms of the initial gravitational potential as ϕin = ϕ1in + fnl ϕ21in, where we can
easily read-off the relation of the non-linear parameters,
fnl =
5
3
(anl − 1) . (5.2)
5.1 FLRW background equations
Let us briefly summarise the results of the evolution equations for the FLRW background. The
energy constraint, Raychaudhuri equation and continuity equation for matter are respectively
3H2 = 8piGa2ρ+ a2Λ , (5.3)
3H˙+ 4piGρ− a2Λ = 0 , (5.4)
ρ˙+ 3Hρ = 0 , (5.5)
6This relation is sometimes also given in terms of the Bardeen potential Φ. Its relation to the linear
gravitational potential is Φ = −ϕ1in.
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where Λ is the cosmological constant and ρ¯ ∼ a−3 is the background density of matter. We
will make frequent use of the following definitions
Ωm ≡ 8piGa
2
3H2 ρ =
H20Ωm0
aH2 , ΩΛ ≡
a2Λ
3H2 =
a2H20ΩΛ0
H2 , (5.6)
where the subscript 0 indicates an evaluation at present time η0, and we have defined Ωm0 =
8piGa20ρ0/(3H20). By using these definitions the Friedmann equations (5.3) and (5.4) read
H2 = H20
(
Ωm0a
−1 + ΩΛ0a2
)
, (5.7)
H˙ = H2 − 3
2
H20Ωm0
a
. (5.8)
In this paper we will always assume a flat Universe with Ωm + ΩΛ = 1.
5.2 First-order results
Metric tensor Since we assume vanishing vector and tensor perturbations at first order, in
this section we only consider scalar perturbations. At first order, the trace-free part of the ij
components of the Einstein equations implies that the two scalar perturbations in the metric
coincide, i.e.,
ψ1P = φ1P = ϕ , (5.9)
and the trace part of the ij component gives the evolution equation
ϕ¨+ 3Hϕ˙+ a2Λϕ = 0 . (5.10)
The solution, selecting only the growing mode, can be written as
ϕ(x, η) = g(η)ϕ0(x) , (5.11)
where ϕ0 is the peculiar gravitational potential linearly extrapolated to the present time η07
and the time coefficient g has still to be determined. Plugging the solution (5.11) in the
evolution equation (5.10) and introducing the new unknown variable D = ag, we obtain the
differential equation
D¨ +HD˙ − 3
2
H20Ωm0
a
D = 0 . (5.12)
which is nothing but the known evolution equation for the first-order time coefficient of the
Newtonian density contrast [34]. In this paper we are only interested in the growing mode
solutions of D (and of the other time coefficients, of course). The solution for the first-order
scalars is thus given by ϕ(x, η) = g(η)ϕ0(x), where g = D/a is identified to be the growth-
suppression factor, and D is the growth factor, namely the linear growing-mode solution of
eq. (5.12) for the Newtonian density contrast δ1(η,x) = D(η)δ1(x, η0). We note that this
identification implies that the solution in eq. (5.11) coincides with the first-order Newtonian
cosmological potential. The analytical expression for the fastest growing mode D in terms of
the scale factor is given by [35, 36]
D(a) = 5
2
H20Ωm0
H
a
∫ a
0
dx
H3(x) = a
√
1 +
ΩΛ0
Ωm0
a3 2F1
(
3
2
,
5
6
,
11
6
,−ΩΛ0
Ωm0
a3
)
, (5.13)
7Here and in what follows quantities with the subscript 0 are meant to be evaluated at the present time.
– 11 –
where 2F1 is the Gauss hypergeometric function. We normalise the growth factor such that
D(η0) = 1. We finally consider the Newtonian Poisson equation
∇2ϕ(x, η)− 3
2
H20Ωm0
a
δ1(x, η) = 0 , (5.14)
evaluated at present time to fix the constant δ1(x, η0), and we find
δ1(x, η0) =
2
3
∇2ϕ0(x)
H20Ωm0
. (5.15)
In an EdS universe we have D(η) = η2 and H20Ωm0 = 4, so δ1 = (η2/6)∇2ϕ0.
Four-velocity The spatial component of the peculiar four-velocity is given by
v1P = −
1
4piGa2ρ¯
(ϕ˙+Hϕ) = − 2
3H20Ωm0
D˙ϕ0 , (5.16)
which contains the scalar part only (the vector part of the velocity is vanishing at this or-
der). This coincides with the first-order Newtonian peculiar velocity in Newtonian Eulerian
perturbation theory (NEPT). To obtain the perturbation of the zeroth component of the
four-velocity, we plug the result (5.11) in Eq. (2.7) and immediately obtain
v01P ≡ −ψ1P = −g ϕ0 . (5.17)
Matter density The final expression for the density contrast is
δ1P =
2
3H20Ωm0
[
D∇2ϕ0 − 3HD˙ϕ0
]
. (5.18)
The first term in the above equation is identical to the first-order Newtonian density contrast,
whereas the second term is a GR correction. Actually, as we shall see in section 6.1, this GR
correction is the result of the different time coordinate used in the Poisson gauge, which is
due to the relative velocity between this Eulerian frame and the Lagrangian frame, see in
particular eq. (3.21) and eq. (6.3).
5.3 Second-order results
Metric tensor: scalar perturbations Our starting point are the results of [22] and [11].
However, as we shall see, it is possible to simplify their expressions tremendously. We begin
with eqs. (2.22) and (2.23) of [22]
ψ2P(η,x) =
(
B1 + 4g2 − 2ggin − 10
3
(anl − 1)ggin
)
ϕ20 + 6
[
B2 + 4
3
g2
(
e+
3
2
)
− 4
3
ggin
]
Θ0 + B3∇−2∂i∂j(∂iϕ0∂jϕ0) + B4∂iϕ0∂iϕ0 , (5.19)
φ2P(η,x) =
(
B1 − 2ggin − 10
3
(anl − 1)ggin
)
ϕ20 + 6
(
B2 − 4
3
ggin
)
Θ0
+ B3∇−2∂i∂j(∂iϕ0∂jϕ0) + B4∂iϕ0∂iϕ0 , (5.20)
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where the subscript “in” denotes an evaluation at initial time (given deep in the matter
dominated era), e ≡ f2/Ωm with f ≡ d lnD/(d ln a), and
Θ0 =
1
2
∇−2
[
1
3
ϕ,l0ϕ0,l −∇−2
(
ϕ,l0ϕ
,m
0
)
,lm
]
. (5.21)
The time coefficients Bi(η) are reported in [22] in eqs. (2.24) and (2.25) (in the notation of [22],
these coefficients are Bi). They involve unfortunately very complicated integrals over time
with no explicit solutions given. Here we find explicit solutions for these time coefficients. Let
us begin with the PDE for the scalar perturbation φ2P which is the trace of the ij components
of the Einstein equations, eq. (2.7) in [22]
φ¨2P + 3Hφ˙2P + a2Λφ2P = S(η,x) , (5.22)
with the source term
S(η,x) = g2ΩmH2
[
(f − 1)2
Ωm
ϕ20 + 12
(
2
(f − 1)2
Ωm
− 3
Ωm
+ 3
)
Θ0
]
+g2
[
4
3
(
f2
Ωm
+
3
2
)
∇−2∂i∂j
(
∂jϕ0∂
iϕ0
)− ∂iϕ0∂iϕ0] . (5.23)
To obtain the ODE’s for the Bi’s we impose the Ansatz
φ2P(η,x) = B1(η)φ(1)2P (x) + B2(η)φ
(2)
2P
(x) + B3(η)φ(3)2P (x) + B4(η)φ
(4)
2P
(x) +
g(η)
gin
φ2Pin (x) ,
(5.24)
where
φ
(1)
2P
(x) = ϕ20 , φ
(2)
2P
(x) = Θ0 ,
φ
(3)
2P
(x) = ∇−2∂i∂j(∂iϕ0∂jϕ0) , φ(4)2P (x) = ∂iϕ0∂iϕ0 ,
(5.25)
and the last term is the solution of the homogeneous equation with φ2Pin (x) representing the
initial condition taken deep in matter-dominated era and on super-horizon scales. We now
repeat the same procedure we used to determine the time coefficient of the first-order scalar
φ1P , given in eq. (5.11). For demonstrative purposes, we briefly show how to solve for the B1.
We plug B1φ2P into (5.22) and keep only terms proportional to φ(1)2P = ϕ20. The temporal and
spatial dependence thus factorise so that the ODE for B1 is
B¨1 + 3HB˙1 + a2ΛB1 = g2H2(f − 1)2 , (5.26)
or, introducing the new unknown variable b1 ≡ aB1, equivalently
b¨1 +Hb˙1 − 3
2
H20Ωm0
a
b1 =
D2H2
a
(f − 1)2 , (5.27)
where we have used eq. (5.8). Likewisely, we obtain for the other bi ≡ aBi
b¨2 +Hb˙2 − 3
2
H20Ωm0
a
b2 =
2D2H2
a
[
2(f − 1)2 + 3(Ωm − 1)
]
, (5.28)
b¨3 +Hb˙3 − 3
2
H20Ωm0
a
b3 = 2
D2
a
+
4D˙2
3H20Ωm0
, (5.29)
b¨4 +Hb˙4 − 3
2
H20Ωm0
a
b4 = −D
2
a
. (5.30)
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To arrive at eq. (5.29) we have used the ODE for the first-order growth D, eq. (5.12). The
easiest solution is obtained for b4, by noting that its ODE can be written as
F¨ +HF˙ − 3
2
H20Ωm0
a
F = 3
2
H20Ωm0
a
D2 , (5.31)
with F = −(3/2)H20Ωm0b4. Equation (5.31) is nothing but the known evolution equation for
the second-order time coefficient of the Newtonian displacement field.8 Its solution for the
fastest growing mode in a ΛCDM Universe can be found in [37]. For an EdS universe we have
F = (3/7)η4. The solutions for b1, b2, and b3 are also easily obtained. We find the fairly
simple growing mode solutions
b1 = −Dg + 2D˙
2
3H20Ωm0
+
1
3
Dgin , (5.32)
b2 = −2D(gin − g) , (5.33)
b3 =
2
3H20Ωm0
(F +D2) , (5.34)
b4 = − 2
3H20Ωm0
F . (5.35)
Note that for an EdS universe, b1 = b2 = 0, whereas b3 = (5/21)η4 and b4 = −(1/14)η4.
With the above simplifications, we can finally write the two scalar perturbations as
ψ2P =
(
3g2 +
5
3
ggin(1− 2anl) + 2D˙
2
3aH20Ωm0
)
ϕ20 + 6
(
4g2 − 10
3
ggin +
4
3
D˙2
aH20Ωm0
)
Θ0
+
2D2
3aH20Ωm0
ϕ0,lϕ
,l
0 −
4
(D2 + F)
3aH20Ωm0
Ψ0 , (5.36)
φ2P =
(
−g2 + 5
3
ggin(1− 2anl) + 2D˙
2
3aH20Ωm0
)
ϕ20 + 6
(
2g2 − 10
3
ggin
)
Θ0
+
2D2
3aH20Ωm0
ϕ0,lϕ
,l
0 −
4
(D2 + F)
3aH20Ωm0
Ψ0 , (5.37)
where
Ψ0 = −∇−2 1
2
[
(∇2ϕ0)2 − ϕ0,ikϕ,ik0
]
. (5.38)
The last line in (5.36) and (5.37) is the second-order gravitational potential in NEPT (see,
e.g., [37]), whereas the remnant terms are relativistic corrections.
Note that in deriving the last line of (5.36) (and the last line of (5.37)), we have made
use of the identity
∇−2∂l∂m(∂lϕ0∂mϕ0) = −2Ψ0 + ϕ,l0ϕ0,l . (5.39)
8 Note explicitly, that F is not the second-order growth of the density because the density does not factorise
into a single time and space-dependent part. By contrast, the displacement field does: In the notation of
eq. (1.1), the Newtonian displacement field is up to second order Ψ¯i = D(η¯)Ψ¯1i(q¯)+F(η¯)Ψ¯2i(q¯), where D and
F are truly the solutions of eqs. (5.12) and (5.31), respectively. For the Newtonian trajectory see eq. (8.19).
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Using this identity in (5.37) we obtain the relation between the “GR kernel“ Θ0 and the
“Newtonian kernel” Ψ0:
∇2Θ0 = Ψ0 − 1
3
ϕ0,lϕ
,l
0 , (5.40)
which will be helpful in the following sections.
For the limiting case of an EdS universe with anl = 0, our results (5.36) and (5.37) agree
with [23]. For ΛCDM, the expressions (5.36) and (5.37) have been first derived in refs. [24, 25]:
Although different spatial and temporal functions9 are used, our result agrees with theirs.
Metric tensor: vector perturbations In a ΛCDM Universe, linear vector perturbations
are usually discarded. But even in the absence of linear vectors, the non-linear gravitational
evolution generates second-order vector perturbations, as it is well-known. These second-order
vector perturbations arise from quadratic couplings of first-order scalar perturbations. For an
EdS universe, the first derivation of these vector perturbations was given in [23], whereas the
results for a ΛCDM Universe were reported in [22]. To get these vector perturbations, one
possible derivation is to first observe that the second-order momentum conservation equation
(Tµi;µ = 0, see e.g., eq. (A.26) in [22]) is only sourced by a pure scalar for growing mode initial
conditions. From that one can easily deduce that the vector perturbation ω2iP has to be equal
minus the transverse part of the velocity, −w2iP . Then, ω2iP can be extracted from the 0i
component of the Einstein equations which is [22]10
Hψ2P,i + φ˙2P,i −
1
4
∇2ω2iP + 10gg˙ϕ0ϕ0,i = −3H2Ωm
[
(gϕ0 + δ1P)v1P,i +
v2P,i
2
]
. (5.41)
Extracting from this expression the transverse part we then obtain
ω2iP = −
16
3H20Ωm0
DD˙
a
Ri(x) , (5.42)
which is purely relativistic, and we have defined the transverse kernel (∇ ·R = 0)
Ri(x) = ∇−2
(
ϕ0,i∇2ϕ0 − ϕ,l0ϕ0,li + 2Ψ0,i
)
. (5.43)
Metric tensor: tensor perturbations In the Poisson gauge, the tensor perturbations
obey the wave equation [22]
p¨i2ijP + 2Hp˙i2ijP −∇2pi2ijP = s(η) Tij(x) , (5.44)
where s(η) = −8g2(1 + 2f2/(3Ωm)), and Tij(x) ≡ ∇−2Sij is a divergenceless and traceless
tensor related to
Sij(x) = ∇2Ψ0δij + Ψ0,ij + 2(ϕ0,ij∇2ϕ0 − ϕ0,ikϕ,k0,j) . (5.45)
The solution of (5.44) is
pi2ijP(η,x) =
∫
d3k
(2pi)3
p˜i2ijP(η,k) e
ik·x , (5.46)
9In particular, their temporal function B is related to our F and D via B = (1/3)[1− 2F/D2]. We thank
John Wainwright and Claes Uggla for pointing this out.
10Note that in deriving this expression we have corrected two typos in eq. (A.27) of [22].
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with
p˜i2ijP(η,k) = T˜ij(k) h˜(η, k) , (5.47)
where k = |k|, and11
h˜(η, k) = χ˜1(η, k)
∫
dη˜
χ˜2(η˜, k)
W
s(η˜)− χ˜2(η, k)
∫
dη˜
χ˜1(η˜, k)
W
s(η˜) , (5.48)
where χ˜1 and χ˜2 are the solutions of
¨˜χ+ 2H ˙˜χ+ k2χ˜ = 0 , (5.49)
with corresponding Wronskian W = ˙˜χ1χ˜2 − χ˜1 ˙˜χ2.
Four-velocity To our knowledge there are no explicit solutions in the literature for the
second-order velocity in the Poisson gauge for the ΛCDM Universe. We take the divergence
and the curl from eq. (5.41), then we obtain respectively
v2P = −
2a
3H20Ωm0
(
Hψ2P + φ˙2P + 5gg˙ϕ20
)
+
2gD˙
3H20Ωm0
ϕ20 −
4HD˙2
3(H20Ωm0)2
ϕ20
− 16DD˙
9(H20Ωm0)2
Ψ0 +
4DD˙
9(H20Ωm0)2
ϕ,l0ϕ0,l
=
2D˙
3H20Ωm0
[
10
3
gin(anl − 1)− 3g
]
ϕ20 −
8D˙g
H20Ωm0
Θ0
− 4
9
DD˙
(H20Ωm0)2
ϕ0,lϕ
,l
0 +
8
9
F˙
(H20Ωm0)2
Ψ0 , (5.50)
and
w2iP = −ω2iP =
16
3H20Ωm0
DD˙
a
Ri , (5.51)
where we remind the reader that the transverse kernel Ri(x) is defined in eq. (5.43). Note
that the last line in eq. (5.50) is the second-order peculiar velocity in NEPT (see, e.g., [37]).
To arrive at the final expression for v2P , we have made use of the identity
HD˙
H20Ωm0
=
5
2
gin − 3
2
g , (5.52)
which we shall prove later, see in particular the derivation of eq. (6.13). For the perturbation
of the zeroth component of the four-velocity, we plug the result (5.36) in Eq. (2.7) and obtain
v02P = −
(
5
3
ggin (1− 2anl) + 2D˙
2
3aH20Ωm0
)
ϕ20 − 6
(
4g2 − 10
3
ggin +
4D˙2
3aH20Ωm0
)
Θ0
+
(
4D˙2
9(H20Ωm0)2
− 2D
2
3aH20Ωm0
)
ϕ0,lϕ
,l
0 +
4
(D2 + F)
3aH20Ωm0
Ψ0 . (5.53)
We have checked that the EdS limit of the above results agree with the ones in [23, 31].
11Note that we have corrected a typo in the last integrand of eq. (4.11) in [22].
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Matter density With the explicit solutions of the time coefficients bi given in eqs. (5.32)–
(5.35) we are able to simplify the result given in ref. [11]12 to the fairly compact expression
δ2P =
2H2D2
aH20Ωm0
[
f2 − 4f]ϕ20 + 10H3H20Ωm0 (1 + 2anl)D˙ginϕ20 − 24HD˙DaH20Ωm0 Θ0
+
2D
H20Ωm0
[
g − 20
9
ginanl
]
(∇ϕ0)2 + 8HF˙
3(H20Ωm0)2
Ψ0
+
2
3H20Ωm0
[
6Dg + 10
3
Dgin(1− 2anl) + 4
3
D˙2
H20Ωm0
]
ϕ0∇2ϕ0
+
4
9(H20Ωm0)2
[
(D2 + F)(∇2ϕ0)2 + 2D2ϕ,l0∇2ϕ0,l + (D2 −F)ϕ0,lmϕ,lm0
]
. (5.54)
We have checked that the EdS limit of the above agrees with the results of refs. [23, 31]. For
ΛCDM, our result is in agreement with the ones reported in [24, 25], however care has to be
taken when comparing our results to theirs, because of different notations and normalisations
used; for a clarification of this we refer the reader to section 4.4.3 in [25]. Note that the last
line in eq. (5.54) is the second-order density contrast in NEPT (see, e.g., [37]).
Finally let us conclude this section with a comment about our solution scheme for
Eq. (5.22) and its applicability to cosmological models beyond ΛCDM. The general solu-
tion technique for φ2P (which comes with the Ansatz (5.24)) should also be fruitful for other
cosmological models, as long as the source term S of the PDE for φ2P , Eq. (5.22), can be
written in factorisable form. Note however that the source term cannot be factorised in e.g.
multi-fluid models, or when a radiation component is included in the analysis, because then
the respective growth functions are generally scale-dependent (see e.g. [38] for the massive
neutrinos case).
6 From the Poisson gauge to the synchronous-comoving gauge
In this section we apply the general formulas of section 3 to the transformation from the
Poisson gauge to the synchronous-comoving gauge, which is defined by ψ(r)S = 0 for the
temporal condition and by B(r)S = ωi(r)S = 0 for the spatial condition. We define the
synchronous-comoving gauge as the Lagrangian frame of reference of the fluid particle. The
respective Lagrangian coordinates are denoted with (τ, q).
Let us note that the equations for the metric transformed from any gauge to the
synchronous-comoving gauge have always the following structure: at any fixed order the
equations for the scalar in g00 and for the scalar and the vector in g0i are four equations
for the unknowns α(r), β(r) and di(r), i.e., they give the functions of the transformation ξ
µ
(r).
These results then give the spatial metric in the synchronous-comoving gauge. The equations
for α(r), β(r) and di(r) contain time derivatives, and the integration constants in the results
represent the residual gauge freedom of the synchronous-comoving gauge. It can be set to zero
by requiring that at initial time spatial and temporal coordinates coincide in the Lagrangian
and Eulerian gauges, i.e., the Lagrangian and Eulerian positions coincide initially. We shall
make frequent use of this requirement.
12Note that the first and the last coefficients of ϕ2 = g2ϕ20 in the first line of ref. [11] eq. (29) are wrong.
They have to be replaced by 2(f − 1)2.
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Before beginning with the calculations, let us emphasise that our results for the gauge
generators and for the metric in the synchronous-comoving gauge are entirely new and they do
agree with the findings in the literature in the restricted case of an EdS universe, [23, 41]. In
addition, by transforming our result for the density contrast in the Poisson gauge, eq. (5.54),
we are able to derive a fairly simple result for the density contrast in the synchronous-comoving
gauge. Note especially that we are able to solve for all time coefficients which actually coincide
with the first-order and second-order structure growth of the Newtonian displacement field,
respectively denoted with D and F (see footnote 8 on page 14).
6.1 First-order transformations
Metric tensor From eqs. (3.11)–(3.14) we find
0 = ψ1P +Hα1PS + α˙1PS , (6.1)
φ1S = φ1P −Hα1PS −
1
3
∇2β1PS , (6.2)
α1PS = β˙1PS , (6.3)
E1S = β1PS . (6.4)
From (6.1) and (6.3) we find the solution for α1PS and β1PS
α1PS = −
(
1
a
∫ η
ηin
dη˜D
)
ϕ0 + I1 , (6.5)
β1PS = −
∫ η
ηin
dη′
(
1
a
∫ η′
ηin
dη˜D
)
ϕ0 + I2 , (6.6)
where the space-dependent integration constants I1 and I2 represent the well-known residual
gauge freedom of the synchronous-comoving gauge which is fixed from the initial conditions, by
demanding that spatial and temporal coordinates coincide at initial time. Thus I1 = I2 = 0.
Using the identity
D˙ = 3
2
H20Ωm0
a
∫ η
ηin
dη˜D(η˜) , (6.7)
which is just the first integral of the equation (5.12) for the growth factor, we get
α1PS = −
2
3
D˙ϕ0
H20Ωm0
, (6.8)
β1PS = −
2
3
Dϕ0
H20Ωm0
. (6.9)
Finally, we find φ1S and E1S by substituting the last two expressions in (6.2) and (6.4)
φ1S =
2
9
D∇2ϕ0
H20Ωm0
+ gϕ0 −Hα1PS , (6.10)
E1S = −
2
3
Dϕ0
H20Ωm0
. (6.11)
In our expression for φ1S the quantity
gϕ0 −Hα1PS =
(
g +
2HD˙
3H20Ωm0
)
ϕ0 (6.12)
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is constant, as can be easily verified by taking the time derivative, and then using eq. (5.12)
and the background Raychaudhuri equation H˙ − H2 + (3/2)H2Ωm = 0. That constant can
be obtained by evaluating eq. (6.12) at initial time. We have thus
ϕ−Hα1PS =
5
3
ϕin , (6.13)
where ϕin = ginϕ0. Then, our final expression for φ1S is
φ1S =
2
9
D∇2ϕ0
H20Ωm0
+
5
3
ginϕ0 . (6.14)
Finally, by putting the above results together, we obtain the first-order result of the
spatial metric
gijS = a
2
[(
1− 10
3
ϕin
)
δij − 4
3
D
H20Ωm0
ϕ0,ij
]
. (6.15)
Four-velocity The transformation of the four-velocity gives simply uµ1S = (1/a)(1,0), which
is expected since the peculiar velocity (both temporal and spatial parts) vanishes by definition
in the synchronous-comoving gauge.
Matter density Finally, the transformation of the matter density perturbation in eq. (3.21)
gives for the density contrast
δ1S =
2
3
D∇2ϕ0
H20Ωm0
, (6.16)
i.e., the first-order density contrast in the synchronous-comoving gauge is the solution of the
Newtonian equation
δ¨1 +Hδ˙1 − 3
2
H20Ωm0
a
δ1 = 0 . (6.17)
as it is well-known. The first-order relativistic correction in the Poisson gauge, which arises
because of the non-vanishing velocity, is eliminated by the time transformation to the comov-
ing (i.e., Lagrangian) frame.
All of our first-order results agree with those of refs. [11, 26] for ΛCDM.
6.2 Second-order transformations
Metric tensor: scalar perturbations From the transformation rules at second order
(3.22)–(3.25) we find
0 = ψ2P +Hα2PS + α˙2PS + ΠPS , (6.18)
φ2S = φ2P −Hα2PS −
1
6
ΥkkPS −
1
3
∇2β2PS , (6.19)
0 = −α2PS + β˙2PS +∇−2Σ ,kkPS , (6.20)
E2S = β2PS +
3
4
∇−2∇−2Υ ,ijijPS −
1
4
∇−2ΥkkPS , (6.21)
where the explicit expressions for the first-order squared terms ΠPS , ΣiPS and ΥijPS can
be found in Appendix C, whereas ψ2P and φ2P are given in eqs. (5.36) and (5.37). From
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eqs. (6.18) and (6.20), it is then straightforward to obtain the following expressions for the
gauge generators
α2PS = −
1
a
∫ η
ηin
dη˜ a
[
ψ2P + ΠPS
]
, (6.22)
β2PS =
∫ η
ηin
dη˜
[
α2PS −∇−2Σk,kPS
]
. (6.23)
To keep track of the computational steps, let us split α2PS into a “Newtonian”-like and “GR”-
like part, i.e., α2PS = α
N
2PS
+ αGR2PS . Here, with “Newtonian”-like contributions, we mean that
αN2PS is identical with the Lagrangian velocity potential.
13 Indeed for the Newtonian part we
have after some manipulations
αN2PS =
1
a
4Ψ0
3H20Ωm0
∫ η
ηin
dη˜
(D2 + F) = 8F˙Ψ0
9
(H20Ωm0)2 , (6.24)
where the last expression is found by rewriting the differential equation (5.31) for the second-
order growth function F in integral form:
F˙ = 3
2
H20Ωm0
a
∫ η
ηin
dη˜ (D2 + F) . (6.25)
For the GR part of α2PS we obtain after some straightforward calculations
αGR2PS =
1
a
∫ η
ηin
dη˜
[
10
3
Dgin(anl − 1)ϕ20 − 8
H2D2
H20Ωm0
(
f2 − f + 3
2
Ωm
)
Θ0
]
. (6.26)
To arrive at the terms proportional to the spatial kernel Θ0 we have used the relations (5.6)
and (5.52), and the fact that D˙ = fHD. The integral proportional to ϕ20 is trivially solved
by using (6.7). To solve the other part of the integral (6.26), we note that
DD˙
a
=
1
a
∫ η
ηin
dη˜H2D2
(
f2 − f + 3
2
Ωm
)
, (6.27)
which can be easily proven by applying the “reverted” partial integration rule
1
a
[
DD˙
] ∣∣∣η
ηin
=
1
a
∫ η
ηin
dη˜
(
D˙2 +DD¨
)
, (6.28)
discarding a decaying mode ∼ 1/a, and by using the differential equation (5.12) to get an
expression for D¨. Putting the Newtonian and GR part of the temporal gauge generator
together, we then obtain
α2PS =
2D˙
3H20Ωm0
[
10
3
gin (anl − 1)ϕ20 − 12gΘ0
]
+
8F˙Ψ0
9
(H20Ωm0)2 . (6.29)
Now we proceed with the calculation of the spatial gauge generator (6.23), which we again
split into a Newtonian and GR part, β2PS = β
N
2PS
+ βGR2PS . For the Newtonian part, the
integration in time is trivial so we obtain immediately
βN2PS =
8
9
(H20Ωm0)2
[
FΨ0 − 1
4
D2 (∇ϕ0)2
]
, (6.30)
13For the Newtonian non-perturbative approach to this gauge transformation see [17].
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where the last term originates from the Newtonian part of ΣiPS , given in (C.6). For the GR
part of β2PS we obtain
βGR2PS =
4
3H20Ωm0
∫ η
ηin
dη˜
[
D˙gin
(
5
3
anl − 5
2
)
ϕ20 − D˙gϕ20 − 6D˙gΘ0
]
. (6.31)
The time integral of the first term is trivial, and to solve for the latter we observe that∫ η
ηin
dη˜D˙g = D˙
2
6H20Ωm0
+
5
6
Dgin , (6.32)
which can be obtained from the identity D˙2 ≡ 2 ∫ dη˜D˙D¨ and then using (5.12) and (5.52).
We then obtain the GR part of the spatial gauge generator
βGR2PS =
2
9H20Ωm0
[
10Dgin (anl − 2)− D˙
2
H20Ωm0
]
ϕ20 −
4
3H20Ωm0
[
D˙2
H20Ωm0
+ 5Dgin
]
Θ0 , (6.33)
where we have set an integration constant to zero because we require that the Eulerian and
Lagrangian frame coincide at initial time.
We have thus solved for β2PS = β
N
2PS
+ βGR2PS . Equipped with the (longitudinal) gauge
generators, we are now prepared to calculate the scalar perturbations in the synchronous-
comoving gauge. We begin with the expression (6.19) for the scalar φ2S . Again we split the
quantitites into a Newtonian and GR part, φ2S = φ
N
2S
+φGR2S . The only Newtonian part on the
RHS of (6.19) arises from βN2PS and some terms in ΥijPS , where the latter is given in eq. (C.8).
We thus have
φN2S = −
4
27
(H20Ωm0)2
[(D2 + F)ϕ0,klϕ,kl0 −F (∇2ϕ0)2] . (6.34)
For the GR part we obtain after some tedious but straightforward calculations
φGR2S = −
50
9
g2inanlϕ
2
0 +
10
9H20Ωm0
Dgin
(
1− 4
3
anl
)
(∇ϕ0)2 + 40Dgin
27H20Ωm0
(1− anl)ϕ0∇2ϕ0 .
(6.35)
To arrive at this result we have used the fact that
2HF˙
H20Ωm0
− D˙
2
H20Ωm0
− 5Dgin + 3D
2 + F
a
≡ Cin (6.36)
is constant in time (and of course in space) which can be easily shown by taking the time
derivative of the above and using the differential equations for the first-order and second-order
growth functions, i.e., eqs. (5.12) and (5.31). A careful analysis reveals that Cin is vanishing.
Now let us proceed with the derivation of E2S = E
N
2S
+EGR2S . From eq. (6.21) we obtain
for the Newtonian part directly
EN2S =
8
9
(H20Ωm0)2FΨ0 +
2D2
3
(H20Ωm0)2∇−2∇−2Dij
(
ϕ0,ikϕ
,k
0,j
)
. (6.37)
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To solve for the GR part, we obtain firstly
EGR2S =
2
9H20Ωm0
[
10Dgin (anl − 2)− D˙
2
H20Ωm0
]
ϕ20 −
4
3H20Ωm0
[
D˙2
H20Ωm0
+ 5Dgin
]
Θ0
+∇−2∇−2
[
20
3
ginD
H20Ωm0
+
2
3
D˙2
(H20Ωm0)2
](
ϕ0ϕ
,ij
0
)
,ij
− 20
9
ginD
H20Ωm0
∇−2(ϕ0∇2ϕ0)− 2
9
D˙2
(H20Ωm0)2
∇−2(ϕ0∇2ϕ0) . (6.38)
This expression can be drastically reduced by using the identity
∇−2∇−2Dij
(
ϕ0ϕ
,ij
0
)
=
ϕ20
3
+ 2Θ0 , (6.39)
and the relation (5.40). We then obtain
EGR2S =
20
9H20Ωm0
Dgin
[
(anl − 1)ϕ20 + 3Θ0
]
, (6.40)
which concludes the derivation of E2S .
Metric tensor: vector perturbations From the second-order gauge transformations (3.26)
and (3.27) we obtain
0 = ω2iP + d˙2iPS , (6.41)
F2iS = d2iPS +∇−2Υ ,kikPS −∇−2∇−2Υ
,kl
kl,iPS
, (6.42)
where the solutions for ω2iP and ΥijPS are given in (5.42) and (C.8), respectively. For the
first equation we have used the fact that ΣiPS −∇−2Σ ,kk,iPS = 0, where ΣiPS is given in (C.6).
The first equation gives then immediately the vector part of the gauge transformation
d2iPS =
∫ η
ηin
dη˜
16
3H20Ωm0
DD˙
a
Ri
=
8
9H20Ωm0
[
D˙2
H20Ωm0
+ 5Dgin
]
Ri , (6.43)
where the transverse kernel Ri is given in (5.43). We have used (6.32) to solve for the time
integral, and, as above, an integration constant was set to zero by requiring that at initial
time the Eulerian and Lagrangian spatial coordinates coincide. Note that d2iPS is purely
relativistic.
Now we can easily derive from (6.42) the Newtonian and GR part of F2iS = F
N
2iS
+FGR2iS .
They read
FN2iS =
8
9
D2
(H20Ωm0)2
[
∇−2(ϕ0,ilϕ,kl0 ),k −∇−2∇−2(ϕ,k0,mϕ,lm0 ),kli
]
, (6.44)
and
FGR2iS = −
40
9H20Ωm0
DginRi , (6.45)
where we have used the definition Θ0 = −(1/2)∇−2∇−2Dkl(ϕ0,kϕ0,l), cf. with (5.21), and
the relation (5.40).
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Metric tensor: tensor perturbations We finally derive the tensor modes in the metric
from the transformation rule (3.28). As usual, we split χ2ijS = χ
N
2ijS
+ χGR2ijS , and obtain for
the respective parts
1
2
χN2ijS =
2D2
9(H20Ωm0)2
[
−ϕ0,klϕ,kl0 +∇−2(ϕ,kl0 ϕ,m0,k),lm
]
δij
+
2
9
D2
(H20Ωm0)2
[
∇−2(ϕ0,klϕ,kl0 ),ij − 2∇−2(ϕ0,ilϕ,kl0 ),kj − 2∇−2(ϕ0,jlϕ,kl0 ),ki
+ ∇−2∇−2(ϕ,km0 ϕ,l0,m),klij + 2ϕ0,ikϕ,k0,j
]
, (6.46)
1
2
χGR2ijS =
(
40
9H20Ωm0
Dgin + 8D˙
2
9(H20Ωm0)2
)
∇−2Sij + 1
2
pi2ijP , (6.47)
where pi2ijP is given in Eq. (5.46), and we repeat the traceless and divergenceless tensor Sij
here for convenience
Sij(x) = ∇2Ψ0δij + Ψ0,ij + 2(ϕ0,ij∇2ϕ0 − ϕ0,ikϕ,k0,j) . (6.48)
We shall comment on the tensors in section 8.2, when we summarise our results in the
synchronous-comoving gauge.
In concluding this section, let us emphasise that all the second-order synchronous-
comoving gauge expressions obtained here are new. Only a few terms in these expressions
were already known in the literature for the restricted case of an EdS universe (e.g., ref. [23]).
Four-velocity As at first order, the scalar and transverse velocity vanishes in the La-
grangian frame by definition.
0 = v2P − β˙2PS +∇−2Ωk,kPS , (6.49)
0 = wi2P − d˙i2PS + ΩiPS −∇−2Ωk,kiPS . (6.50)
In both expressions, everything is already determined. We have used however these expres-
sions to perform a consistency check of our calculations, e.g., from eq. (6.49) we can rederive
v2P (or, equivalently, by using the solutions of the RHS in (6.49) and (6.50), we can verify the
validity of the comoving gauge conditions v = wi = 0 on the respective LHS’s, as it should
for an irrotational and pressure-less fluid). For the perturbation of the zeroth component of
the four velocity we obtain from eq. (2.7) that
v02S = 0 . (6.51)
Matter density Finally, from the formula (3.32), we find the second-order density contrast
δ2S ≡ δN2S + δGR2S ,
δN2S =
4
9(H20Ωm0)2
[
(D2 + F)(∇2ϕ0)2 + (D2 −F)ϕ0,lmϕ,lm0
]
, (6.52)
δGR2S =
40Dgin
9H20Ωm0
[(
3
4
− anl
)
(∇ϕ0)2 + (2− anl)ϕ0∇2ϕ0
]
. (6.53)
The Newtonian part has been reported in the GR literature in e.g. [20], which however relies
on a different solution technique namely the gradient expansion. The GR part, however, is
fairly known see e.g., [6, 11, 13].
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7 From the synchronous-comoving gauge to the total matter gauge
In this section we adopt the general formulas of section 3 to the transformation from the
synchronous-comoving gauge to the total matter gauge [44] (sometimes also known as the
velocity orthogonal gauge [27], or Eulerian gauge [6]).
We define the total matter gauge perturbatively with (see section 4)
E(r)T = F
i
(r)T
= 0 , (spatial gauge condition) (7.1)
Si T 0i(r)T = 0 , (temporal gauge condition) (7.2)
where Si = ∇−2∂i. Relation (7.2) implies at first order (cf. eq. (4.6))
v1T +B1T = 0 , (7.3)
and at second order (cf. eq. (4.8))
v2T +B2T − 2∇−2∂l (ψ1TB1T,l + 2φ1Tv1T,l) = 0 . (7.4)
As we shall show in the following, these conditions imply for an irrotational and pressure-
less fluid that the time gauge generator of the gauge transformation from the synchronous-
comoving gauge is vanishing at first and second order.
7.1 First-order transformations
Metric tensor From transformation rules derived in section 3.1, we have for the considered
gauge transformation
ψ1T = Hα1ST + α˙1ST , (7.5)
φ1T = φ1S −
1
3
∇2β1ST , (7.6)
B1T = β˙1ST , (7.7)
0 = E1S + β1ST . (7.8)
Using the first-order result (6.11) for E1S , equation (7.8) gives immediately for the spatial
gauge generator
β1ST =
2
3
Dϕ0
H20Ωm0
. (7.9)
Note that, apart from the minus sign, this spatial generator is the same as from the Poisson
gauge to the synchronous-comoving. The minus sign arises because in this section we perform
the transformation from Lagrangian to Eulerian frame, whereas in section 5 it was the other
way around.
To obtain the temporal gauge generator α1ST , we sum up eqs. (3.13) and (3.19) which
gives the general expression v˜1 + B˜1 = v1 +B1−α1. For the considered gauge transformation,
where v1S = B1S = 0 and because of the temporal gauge condition (7.3), this implies
α1ST = 0 . (7.10)
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Since we assume vanishing first-order vector perturbations, we have di1ST = 0. Having deter-
mined the gauge generators, the remaining first-order scalar perturbations are easily derived,
ψ1T = 0 , (7.11)
φ1T =
5
3
ϕin , (7.12)
B1T =
2
3
D˙ϕ0
H20Ωm0
. (7.13)
Four-velocity The first-order spatial peculiar velocity in the total matter gauge is given
by
v1T = −β˙1ST = −
2
3
D˙ϕ0
H20Ωm0
, (7.14)
which follows directly from (3.19). Note that the spatial peculiar velocity (7.14) is identical
to the one in the Poisson gauge (cf. (5.16)). For the perturbation of the zeroth component of
the four velocity, since ψ1T = 0 we obtain from eq. (2.7) that
v01T = 0 . (7.15)
Matter density The matter density is identical to the one in the synchronous-comoving
gauge because the time coordinate is identical and the matter density is unaffected by a purely
spatial transformation at first order. We thus have directly from (3.21):
δ1T = δ1S =
2
3
D∇2ϕ0
H20Ωm0
. (7.16)
7.2 Second-order transformations
Metric tensor: scalar perturbations From the transformation rules at second order
(3.22)–(3.25) we have
ψ2T = Hα2ST + α˙2ST + ΠST , (7.17)
φ2T = φ2S −
1
6
ΥkkST −
1
3
∇2β2ST , (7.18)
B2T = β˙2ST +∇−2Σ ,kkST , (7.19)
0 = E2S + β2ST +
3
4
∇−2∇−2Υ ,ijijST −
1
4
∇−2ΥkkST , (7.20)
where the first-order squared terms ΠST, ΥijST , and ΣiST are given in appendix C. In writing
down these equations we have only used the spatial gauge condition for the total matter
gauge, see eq. (7.1). The temporal gauge condition (7.4) of the total matter gauge becomes
at second order
v2T +B2T = 2∇−2∂l (ψ1TB1T,l + 2φ1Tv1T,l) = −
20D˙gin
9H20Ωm0
ϕ20 , (7.21)
where we have used the first-order results from section 7.1. Now, to obtain the temporal
gauge generator α2ST , we sum up eqs. (3.24) and (3.30) which yields the general expression
v˜2 + B˜2 = v2 + B2 + ∇−2Ωk,k − α2 + ∇−2Σ ,kk . For the considered gauge transformation,
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where v2S = B2S = Ω
k
ST = 0 and ∇−2Σ ,kkST = −
20D˙gin
9H20Ωm0
ϕ20 (see appendix C), we obtain for the
time gauge generator at second order
α2ST = 0 . (7.22)
Also the derivation of the longitudinal part of the spatial gauge generator is straightforward.
From eq. (7.20) we get
βN2ST = −
8
9
F
(H20Ωm0)2
Ψ0 +
2
9
D2
(H20Ωm0)2
ϕ0,lϕ
,l
0 , (7.23)
βGR2ST = −
20
9H20Ωm0
Dgin (anl − 2)ϕ20 +
20
3H20Ωm0
DginΘ0 , (7.24)
where β2ST ≡ βN2ST + βGR2ST . The Newtonian part is, of course apart from a global minus sign,
identical with the Newtonian part of β2PS , see eq. (6.30). The GR part is identical to β
GR
2PS
(see eq. (6.31)), apart from the terms ∼ D˙2, which arise from the different time coordinate
used.
The calculation of the other metric perturbations is now trivial. We obtain
ψ2T = −v1T,lv,l1T = −
4
9
D˙2
(H20Ωm0)2
ϕ0,lϕ
,l
0 , (7.25)
φ2T ≡ φGR2T = −
50
9
g2inanlϕ
2
0 +
10
9
Dgin
H20Ωm0
ϕ0,lϕ
,l
0 −
20
9
Dgin
H20Ωm0
Ψ0 , (7.26)
B2T ≡ BN2T +BGR2T , (7.27)
where
BN2T = −
8
9
F˙
(H20Ωm0)2
Ψ0 +
4
9
DD˙
(H20Ωm0)2
ϕ0,lϕ
,l
0 , (7.28)
BGR2T = −
20
9H20Ωm0
D˙gin (anl − 1)ϕ20 +
20
3H20Ωm0
D˙ginΘ0 . (7.29)
Note that eq. (7.28) is the second-order peculiar velocity potential in NEPT (see eq. (5.50)).
Metric tensor: vector perturbations From the second-order gauge transformations (3.26)
and (3.27) we obtain
ω2iT = d˙2iST + ΣiST −∇−2Σ ,kk,iST , (7.30)
0 = F2iS + d2iST +∇−2Υ ,kkiST −∇−2∇−2Υ
,kl
kl,iST
, (7.31)
where ΥijST and ΣiST are given in eqs. (C.11) and (C.13). Again, the calculations are simple
so we leave them as an exercise. We obtain
d2iST ≡ FGR2iS = −
40
9H20Ωm0
DginRi , (7.32)
w2iT ≡ d˙2iST = −
40
9H20Ωm0
D˙ginRi , (7.33)
where Ri is given in eq. (5.43).
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Metric tensor: tensor perturbations We obtain this simple result
χ2ijT =
8
9
D˙2
(H20Ωm0)2
∇−2Sij + pi2ijP , (7.34)
where Sij is given in eq. (6.48), and pi2ijP , which contain propagating tensor modes (gravita-
tional waves) in the Poisson gauge, can be found in (5.46). Observe that the “Newtonian-like”
tensors (growing with the same amplitude as second-order Newtonian perturbations), and
partly the post-Newtonian tensor, that we have in the synchronous-comoving gauge, disap-
peared.
Let us emphasise again that all these ΛCDM results are new.
Four-velocity The transformation rules (3.30)–(3.31) deliver simple expressions, for the
scalar and vector part of the spatial peculiar velocity we find firstly
v2T = −β˙2ST , (7.35)
w2iT = −d˙2iST , (7.36)
from which we get
vN2T =
8
9
F˙
(H20Ωm0)2
Ψ0 − 4
9
D˙D
(H20Ωm0)2
ϕ0,kϕ
,k
0 , (7.37)
vGR2T =
20
9H20Ωm0
D˙gin (anl − 2)ϕ20 −
20
3H20Ωm0
D˙ginΘ0 , (7.38)
w2iT =
40
9H20Ωm0
D˙ginRi , (7.39)
where we split as usual v2T = v
N
2T
+ vGR2T . For the perturbation of the zeroth component of
the four velocity we obtain from eq. (2.7) that
v02T = 0 . (7.40)
Matter density Finally, according to (3.32) the matter density perturbation transforms as
δ2T = δ2S + 2δ1S,kξ
k
1ST
. (7.41)
Since the last term on the RHS is purely Newtonian, the GR corrections are identical to the
one in the synchronous-comoving gauge.14 We get then for the density contrast
δ2T =
4
9(H20Ωm0)2
[
(D2 + F)(∇2ϕ0)2 + 2D2ϕ0,k∇2ϕ,k0 + (D2 −F)ϕ0,lmϕ,lm0
]
+
40Dgin
9H20Ωm0
[(
3
4
− anl
)
(∇ϕ0)2 + (2− anl)ϕ0∇2ϕ0
]
, (7.42)
which agrees with the findings in [6].
14We note that it is in principle possible to define an Eulerian gauge where the last term on the RHS
of (7.41) will not only contain a Newtonian part but also a relativistic part [47].
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8 Summary of the results
In this section we summarise our results in the three gauges, namely the Poisson gauge 8.1,
the synchronous-comoving gauge 8.2 and the total matter gauge 8.3. Here we only show the
results for the metric and for the density contrast. For the summary of the gauge generators
see section 8.4, and for more results we refer to the sections above. For an overview of the
used notation, see tab. 1 in appendix A. We recall that for the EdS limit (Ωm = 1) we have
a = η2 , H = 2
η
, H20Ωm0 = 4 ,
D = η2 , F = 3
7
η4 , g = gin = f = 1 .
(EdS universe) (8.1)
8.1 Poisson gauge
We obtain for the metric components in the Poisson gauge
g00P = −a2
[
1 + 2gϕ0 +
(
3g2 +
5
3
ggin(1− 2anl) + 2D˙
2
3aH20Ωm0
)
ϕ20
+ 6
(
4g2 − 10
3
ggin +
4
3
D˙2
aH20Ωm0
)
Θ0 +
2D2
3aH20Ωm0
ϕ0,lϕ
,l
0 −
4
(D2 + F)
3aH20Ωm0
Ψ0
]
, (8.2)
g0iP = −
8aDD˙
3H20Ωm0
Ri , (8.3)
gijP = a
2
[
δij
{
1− 2gϕ0 +
(
g2 − 5
3
ggin(1− 2anl)− 2D˙
2
3aH20Ωm0
)
ϕ20 − 6
(
2g2 − 10
3
ggin
)
Θ0
− 2D
2
3aH20Ωm0
ϕ0,lϕ
,l
0 +
4
(D2 + F)
3aH20Ωm0
Ψ0
}
+
1
2
pi2ijP
]
, (8.4)
where pi2ijP is given in eq. (5.46). The density contrast is
δP =
2
3H20Ωm0
[
D∇2ϕ0 − 3HD˙ϕ0
]
+
H2D2
aH20Ωm0
[
f2 − 4f]ϕ20 + 5H3H20Ωm0 (1 + 2anl)D˙ginϕ20 − 12HD˙DaH20Ωm0 Θ0
+
D
H20Ωm0
[
g − 20
9
ginanl
]
(∇ϕ0)2 + 4HF˙
3(H20Ωm0)2
Ψ0
+
1
3H20Ωm0
[
6Dg + 10
3
Dgin(1− 2anl) + 4
3
D˙2
H20Ωm0
]
ϕ0∇2ϕ0
+
2
9(H20Ωm0)2
[
(D2 + F)(∇2ϕ0)2 + 2D2ϕ,l0∇2ϕ0,l + (D2 −F)ϕ0,lmϕ,lm0
]
. (8.5)
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8.2 Synchronous-comoving gauge
We obtain for the metric components in the synchronous-comoving gauge
g00S = −a2 , (8.6)
g0iS = 0 , (8.7)
gijS = a
2
{(
1− 10
3
ϕin +
50
9
anlϕ
2
in +
10
9H20Ωm0
Dginϕ0,lϕ,l0
)
δij − 4
3
D
H20Ωm0
ϕ0,ij
+
40
9H20Ωm0
Dgin
[(
anl − 3
2
)
ϕ0,iϕ0,j + (anl − 1)ϕ0ϕ0,ij
]
+
1
2
pi2ijS
+
4
9(H20Ωm0)2
[
D2ϕ0,ikϕ,k0,j − 2F∇2Ψ0δij − 4F(ϕ0,ij∇2ϕ0 − ϕ0,ilϕ,l0,j)
]}
, (8.8)
where the tensor
pi2ijS =
16F
9(H20Ωm0)2
Sij +
(
40
9H20Ωm0
Dgin + 8D˙
2
9(H20Ωm0)2
)
∇−2Sij + pi2ijP (8.9)
is the solution of the gravitational wave equation
p¨i2ijS + 2Hp˙i2ijS −∇2pi2ijS = −
16F
9(H20Ωm0)2
∇2Sij . (8.10)
This result, valid for ΛCDM, is new and coincides with ref. [23] in the EdS limit. Comparing
the gravitational wave equation (8.10) with the one obtained in the Poisson gauge (Eq. (5.44)),
it is evident that the nature of the wave equation has not changed but only its source term.
The solution of the wave equation includes pi2ijP , given in eq. (5.46), however, as a consequence
of the different source term, solution (8.9) contains also additional tensor perturbations that
grow with F , D and D˙2. The physical interpretation of the various tensor perturbations is
highly non-trivial but has been attempted in refs. [6, 23].
For the density contrast we obtain
δS =
2
3H20Ωm0
D∇2ϕ0 + 20Dgin
9H20Ωm0
[(
3
4
− anl
)
(∇ϕ0)2 + (2− anl)ϕ0∇2ϕ0
]
+
2
9(H20Ωm0)2
[
(D2 + F)(∇2ϕ0)2 + (D2 −F)ϕ0,lmϕ,lm0
]
. (8.11)
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8.3 Total matter gauge
We obtain for the metric components in the total matter gauge
g00T = −a2
[
1− 4
9
D˙2
(H20Ωm0)2
(∇ϕ0)2
]
, (8.12)
g0iT = a
2
[
2
3
D˙ϕ0,i
H20Ωm0
− 20
9H20Ωm0
D˙gin (anl − 1)ϕ0ϕ0,i + 10
3H20Ωm0
D˙ginΘ0,i
− 20
9H20Ωm0
D˙ginRi − 4
9
F˙
(H20Ωm0)2
Ψ0,i +
4
9
DD˙
(H20Ωm0)2
ϕ0,liϕ
,l
0
]
, (8.13)
gijT = a
2
[
δij
(
1− 10
3
ϕin +
50
9
g2inanlϕ
2
0 −
10
9
Dgin
H20Ωm0
ϕ0,lϕ
,l
0 +
20
9
Dgin
H20Ωm0
Ψ0
)
+
4
9
D˙2
(H20Ωm0)2
∇−2Sij + 1
2
pi2ijP
]
. (8.14)
For the density contrast we obtain
δT =
2
3H20Ωm0
D∇2ϕ0 + 20Dgin
9H20Ωm0
[(
3
4
− anl
)
(∇ϕ0)2 + (2− anl)ϕ0∇2ϕ0
]
+
2
9(H20Ωm0)2
[
(D2 + F)(∇2ϕ0)2 + 2D2ϕ0,k∇2ϕ,k0 + (D2 −F)ϕ0,lmϕ,lm0
]
. (8.15)
8.4 The gauge generators
From the Poisson gauge to the synchronous-comoving gauge We use (3.2) and then
obtain the fluid trajectory as viewed from an observer in the Poisson gauge
xiP(τ, q) = q
i − 2D
3H20Ωm0
ϕ,i0 +
20Dgin
9H20Ωm0
(anl − 2)ϕ0ϕ,i0 −
2
3H20Ωm0
[
D˙2
H20Ωm0
+ 5Dgin
]
Θ,i0
+
4
9H20Ωm0
[
D˙2
H20Ωm0
+ 5Dgin
]
Ri + 4F
9(H20Ωm0)2
Ψ,i0 , (8.16)
where (τ, q) are the Lagrangian coordinates. The relation between the temporal coordinates
is
ηP(τ, q) = τ − 2D˙
3H20Ωm0
ϕ0 +
D˙
3H20Ωm0
[
10
3
gin
(
anl − 3
2
)
ϕ20 − 12gΘ0
]
+
2D˙g
3H20Ωm0
ϕ20 +
2D˙D
9(H20Ωm0)2
(∇ϕ0)2 + 4F˙
9(H20Ωm0)2
Ψ0 . (8.17)
From the synchronous-comoving gauge to the total matter gauge We use (3.1) and
then obtain the fluid trajectory as viewed from an observer in the total matter gauge
xiT(τ, q) = q
i − 2D
3H20Ωm0
ϕ,i0 +
20Dgin
9H20Ωm0
(anl − 2)ϕ0ϕ,i0 −
10
3H20Ωm0
DginΘ,i0
+
20
9H20Ωm0
DginRi + 4F
9(H20Ωm0)2
Ψ,i0 . (8.18)
For the temporal coordinate we simply have ηT = τ .
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Comparison with the Newtonian trajectory In Newtonian gravity, the Newtonian
trajectory is up to second order
x¯i(τ¯ , q¯) = q¯i − 2D
3H20Ωm0
ϕ,i0 +
4F
9(H20Ωm0)2
Ψ,i0 , (8.19)
where we recall that bars denote Euclidean coordinates.
9 Conclusions
We have considered relativistic perturbations for a collision-less and irrotational fluid up to
second order in a ΛCDM Universe. In detail, we have determined the fastest growing mode
solutions of all metric perturbations, the density and the velocity for three common gauges,
namely for the Poisson gauge, the total matter gauge and for the synchronous-comoving gauge.
We considered growing mode initial conditions with primordial non-Gaussianity. First, we
have confirmed the metric expressions of [41] in the Poisson gauge and corrected for some
typos. We found major simplifications for the expressions in the Poisson gauge. Let us
emphasise that, because of these findings, all perturbations up to second order are fully
described by only two time coefficients, which are identical with the first-order and the second-
order growth of the Newtonian displacement field. Furthermore, our resulting solutions are
very compact and come with simple physical interpretations.
Having determined the solutions in the Poisson gauge, we have performed a gauge trans-
formation to the synchronous-comoving gauge. This gauge transformation can be understood,
in terms of fluid mechanics, as a perturbative coordinate transformation from a specific Eule-
rian frame to the unique Lagrangian frame. Our results in the synchronous-comoving gauge
are, to our knowledge, entirely new, only the second-order density was known so far in the
literature [11, 24–26].
Then, we have considered the gauge transformation from the synchronous-comoving
gauge to the total matter gauge, which, as above, can be understood in terms of a coordinate
transformation, here from the unique Lagrangian to another Eulerian frame. This particular
Eulerian frame is very important, as the resulting time coordinate in the total matter gauge
is identical with the one in the synchronous-comoving gauge. That is, this particular Eulerian
frame makes use of the proper time of the fluid particles. This choice of Eulerian frame is thus
very convenient when relating GR results to Newtonian investigations, since the relativistic
Eulerian-Lagrangian correspondence makes use of the same time coordinate. So to say, the
problem of relating a GR description to a Newtonian world has been reduced from a 4D
problem to a 3D problem. Such considerations are for example useful when generating GR
initial conditions for Newtonian N -body simulations (see [47]), the latter being one area of
application of our paper.
Our results for the coordinate transformations in section 8.4 dictate the relativistic tra-
jectories of CDM particles in a ΛCDM Universe, and these results tell us explicitly how the
Newtonian particle trajectories are deformed because of general relativistic effects. These GR
corrections could be incorporated into N -body solvers with the aim to include GR effects in
Newtonian N -body simulations effectively up to second order in relativistic perturbation the-
ory. Our results for the density and velocity in three common gauge choices have also direct
outcomes for relating theory with observations of the large scale structure of the Universe.
Specifically, measurements of the galaxy number density require both the knowledge of gauge
effects (stemming from the choice of time-like hypersurfaces) and of GR effects due the fact
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that observations are performed on the past light-cone (e.g., observed photons are gravita-
tionally distorted while passing through a clumpy Universe), the former being performed in
the current paper and the latter being investigated elsewhere (see e.g., [48, 49]).
Finally, we have no reason to hide the pleasure that all our results are fairly simple. Of
course, the reason for such simple expressions is hidden in the laborious work of solving the
time differential equations in the Poisson gauge, which were not known so far.
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A Used notation
In tab. 1 we give an overview of the notation used in this work. For the case of an EdS
universe, we have Ωm = 1, a = η2, H/2η, H20Ωm0 = 4, g = gin = 1, D = η2, and F = (3/7)η4.
B Lie derivatives
The Lie derivatives Lξ and L2ξ along the vector field ξµ have the following expressions:
• scalars
Lξf = f,νξν (B.1)
L2ξf = f,ωσξωξσ + f,ωξω,νξν + f,σζσ (B.2)
• vectors
Lξvα = vα,νξν − ξα,νvν (B.3)
L2ξvα = vα,νρξνξρ + vα,νξν,ρξρ − 2ξα,ρvρ,νξν − ξα,νρξνvρ + ξα,ρξρ,νvν (B.4)
• 1-forms
Lξωα = ωα,νξν + ξν,αων (B.5)
L2ξωα = ωα,νρξνξρ + ωα,νξν,ρξρ + 2ξρ,αωρ,νξν + ξρ,ναξνωρ + ξν,ρξρ,αων . (B.6)
• metric tensor
Lξgµν = gµν,σξσ + ξσ,νgµσ + ξσ,µgνσ (B.7)
L2ξgµν = 2ξω,µgων,σξσ + ξω,µξσ,ωgσν + 2ξωµ ξσ,νgωσ + 2ξω,νgωµ,σξσ
+ξω,νξ
σ
,ωgµσ + gµν,σωξ
σξω + ξσ,µωgσνξ
ω + ξσ,νωgµσξ
ω . (B.8)
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gµν metric (µ = 0, 1, 2, 3) eq. (2.1)
gij spatial metric (i = 1, 2, 3) eq. (2.5)
a(η) cosmic scale factor eq. (2.2)
H = a˙/a conformal Hubble parameter eq. (5.3)
Ωm(η) matter density eq. (5.6)
D(η) structure growth of linear density fluctuations eq. (5.13)
F(η) time coefficient of second-order Newtonian displacement eq. (5.31)
g(η) growth suppression rate (≡ D/a) eq. (5.11)
f = D˙/(HD) differential growth eq. (5.19)
δ(η,x) density contrast (δ = (ρ− ρ¯)/ρ¯) eq. (2.9)
ϕ(η,x) = g(η)ϕ0 linear gravitational potential at time η eq. (5.9)
ϕ0(η0,x) ϕ at the present time η0 eq. (5.9)
ϕin = ginϕ0 linear gravitational potential at initial time eq. (5.1)
anl = (3/5)fnl + 1 primordial local non-Gaussianity eq. (5.1)
∇−2 inverse spatial Laplacian with Euclidean metric eq. (3.28)
Dij longitudinal extraction operator (Dij = ∂i∂j − (1/3)∇2δij) eq. (2.4)
Ψ0(η0,x) second-order “Newtonian” kernel for the displacement eq. (5.38)
Θ0(η0,x) second-order “GR” kernel (∇2Θ0 = Ψ0 − (1/3)(∇ϕ0)2)) eq. (5.21)
Ri(η0,x) second-order “GR” vector kernel eq. (5.43)
Sij(η0,x) second-order “GR” tensor kernel eq. (5.45)
pi2ijP(η,x) secondary tensor perturbations in the Poisson gauge eq. (5.46)
ψ scalar perturbation in g00 eq. (2.1)
B scalar perturbation in g0i eq. (2.3)
ωi vector perturbation in g0i eq. (2.3)
φ scalar perturbation in the trace of gij eq. (2.4)
E scalar perturbation in the trace-less part of gij eq. (2.4)
Fi vector perturbation in gij eq. (2.4)
χij tensor perturbation in gij eq. (2.4)
uµ = (δµ0 + v
µ)/a 4-velocity (uµuνgµν = −1) with perturbation vµ eq. (2.6)
v0 perturbation in the time-component of uµ eq. (2.7)
vi = v,i + wi (longitudinal and transverse) spatial velocity perturbation eq. (2.8)
ξµ = (ξ0, ξi) gauge generator eq. (3.1)
α = ξ0 time component of the gauge generator eq. (3.3)
ξi = β,i + di (longitudinal and transverse part of) spatial gauge generator eq. (3.3)
Table 1. Used notation in this work.
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C First-order squared terms arising at second order
The contributions from products of first-order terms to the second-order gauge transforma-
tions in section 3.2 are given by15
Π ≡ α1
[
α¨1 + 5Hα˙1 + (H˙+ 2H2)α1 + 4Hψ1 + 2ψ˙1
]
+ 2α˙1(α˙1 + 2ψ1) + ξ
k
1 (α˙1 +Hα1 + 2ψ1),k + ξ˙k1
[
α1,k − 2B1k − ξ˙1k
]
, (C.1)
Σi ≡ 2
[
(2HB1i + B˙1i)α1 +B1i,kξk1 − 2ψ1α1,i +B1kξk1,i +B1iα˙1 + 2C1ikξ˙k1
]
+ 4Hα1(ξ˙1i − α1,i) + α˙1(ξ˙1i − 3α1,i) + α1(ξ¨1i − α˙1,i)
+ ξ˙k1 (ξ1i,k + 2ξ1k,i) + ξ
k
1 (ξ˙1i,k − α1,ik)− α1,kξk1,i , (C.2)
Ωi ≡ ξ˙i1 (2ψ1 + α˙1 + 2Hα1)− α1ξ¨i1 − ξk1 ξ˙i1,k + ξ˙k1ξi1,k
− 2α1
(Hvi1 − v˙i1)+ 2vi1,kξk1 − 2vk1ξi1,k , (C.3)
and
Υij ≡ 2
[
(H˙+ 2H2)α21 +H(α1α˙1 + α1,kξk1 )
]
δij
− 2α1,iα1,j + 4α1(C˙1ij + 2HC1ij) + 4B1(iα,j)
+ 4
[
C1ij,kξ
k
1 + 2C1k(iξ
k
1,j)
]
+ 8Hα1ξ1(i,j) + 2ξ1k,iξk1,j
+ 2α1ξ˙1(i,j) + 2ξ1(i,j)kξ
k
1 + 2ξ1(i,kξ
k
1,j) + 2ξ˙1(iα1,j) . (C.4)
In the next two subsections we give the explicit expressions for our specific transformations.
From the Poisson to the synchronous-comoving gauge The second-order contribu-
tions which arrive solely from first-order squared terms are in the case Poisson gauge to
15Note that in the last line of eq. C.3 we have corrected a typo of eq. (6.27) of [44].
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synchronous-comoving gauge
ΠPS = α1PS g˙ϕ0 − 2g2ϕ20 + β ,k1PSgϕ0,k =
D˙
a
α1PSϕ0 +
5
3
ϕingϕ0 − 3g2ϕ20 + β ,k1PSgϕ0,k
=
(
5
3
ggin − 2D˙
2
3aH20Ωm0
− 3g2
)
ϕ20 −
2D2
3aH20Ωm0
ϕ0,lϕ
,l
0 , (C.5)
ΣiPS = −6gϕ0α1PS,i + 2Hα1PSα1PS,i + 2α1PS,kβ,k1PS,i
= −4gϕ0α1PS,i −
10
3
ϕinα1PS,i + 2α1PS,kβ
,k
1PS,i
=
8
3
DD˙
aH20Ωm0
ϕ0ϕ0,i +
20
9
ginD˙
H20Ωm0
ϕ0ϕ0,i +
8
9
DD˙
(H20Ωm0)2
ϕ0,kϕ
,k
0,i , (C.6)
ΩiPS = 2gϕ0α
,i
1PS
+ 2α1PSα˙
,i
1PS
=
2D˙
3H20Ωm0
[
2D¨
3H20Ωm0
− g
]
∂iϕ20
= − 4HD˙
2
9H20Ω2m0
∂iϕ20 =
2D˙
3H20Ωm0
[
g − 5
3
gin
]
∂iϕ20 , (C.7)
ΥijPS =
[
2
a¨
a
α21PS − 6Hα1PSgϕ0 + 2Hα1PS,kβ,k1PS − 4α1PS
D˙
a
ϕ0 − 4gϕ0,kβ,k1PS
]
δij
− 8gϕ0β1PS,ij + 8Hα1PSβ1PS,ij + 4β1PS,kiβ,k1PS,j + 2α1PSα1PS,ij + 2β1PS,ijkβ
,k
1PS
=
[(
100
9
g2in −
10
3
ggin − 2g2 + 4
3
D˙2
aH20Ωm0
)
ϕ20 +
20
9
ginD
H20Ωm0
ϕ0,kϕ
,k
0 +
4
3
D2
aH20Ωm0
ϕ0,kϕ
,k
0
]
δij
+
80
9
ginD
H20Ωm0
ϕ0ϕ0,ij +
8
9
D˙2
(H20Ωm0)2
ϕ0ϕ0,ij +
16
9
D2
(H20Ωm0)2
ϕ0,ikϕ
,k
0,j +
8
9
D2
(H20Ωm0)2
ϕ0,kijϕ
,k
0
(C.8)
Here we have made use of eq. (6.13). It is worthwhile to derive the trace of ΥijPS explicitly:
ΥkkPS =
(
100
3
g2in − 10ggin − 6g2 + 4
D˙2
aH20Ωm0
)
ϕ20
+
20
3
ginD
H20Ωm0
ϕ0,kϕ
,k
0 + 4
D2
aH20Ωm0
ϕ0,kϕ
,k
0 +
80
9
ginD
H20Ωm0
ϕ0∇2ϕ0
+
8
9
D˙2
(H20Ωm0)2
ϕ0∇2ϕ0 + 16
9
D2
(H20Ωm0)2
ϕ0,klϕ
,kl
0 +
8
9
D2
(H20Ωm0)2
ϕ0,k∇2ϕ,k0 . (C.9)
From the synchronous-comoving to the total matter gauge Since there is no time
transformation involved, the second-order contributions from first-order squared terms reduce
to
ΠST = −ξ˙k1ST ξ˙1kST = −
4
9
D˙2
(H20Ωm0)2
ϕ0,kϕ
,k
0 , (C.10)
ΣiST = 4C1ikS ξ˙
k
1ST
+ ξ˙k1ST(ξ1iST,k + 2ξ1kST,i) + ξ
k
1ST
ξ˙1iST,k = −
40
9
D˙gin
H20Ωm0
ϕ0ϕ0,i , (C.11)
ΩiST = 0 , (C.12)
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and
ΥijST = 4
[
C1ijS,kξ
k
1ST
+ 2C1k(iSξ
k
1ST,j)
]
+ 2ξ1kST,iξ
k
1ST,j
+ 2ξ1ST(i,j)kξ
k
1 + 2ξ1ST(i,kξ
k
1ST,j)
= −40
9
Dgin
H20Ωm0
ϕ0,kϕ
,k
0 δij −
80
9
Dgin
H20Ωm0
ϕ0ϕ0,ij − 8
9
D2
(H20Ωm0)2
(
1
2
(ϕ0,kϕ
,k
0 ),ij + ϕ0,ikϕ
,k
0,j
)
(C.13)
where for the second equality we have substituted the various expressions from the metric in
the synchronous-comoving gauge and from the first-order transformations. It is worthwile to
derive the trace of ΥijST explicitly:
ΥkkST = −
40
3
Dgin
H20Ωm0
ϕ0,kϕ
,k
0 −
80
9
Dgin
H20Ωm0
ϕ0∇2ϕ0 − 8
9
D2
(H20Ωm0)2
(
1
2
∇2(ϕ0,kϕ,k0 ) + ϕ0,klϕ,kl0
)
.
(C.14)
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